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At zero density, the ‘t Hooft large Nc limit often provides some very useful qualitative insights
into the non-perturbative physics of QCD. However, it is known that at high densities the ‘t Hooft
large Nc world looks very different from the Nc = 3 world, which is believed to be in a color super-
conducting phase at high densities. At large Nc, on the other hand, the DGR instability causes a
chiral-density wave phase to dominate over the color superconducting phase. There is an alternative
large Nc limit, with the quarks transforming in the two-index antisymmetric representation of the
gauge group, which at Nc = 3 reduces to QCD but looks quite different at large Nc. We show that
in this alternative large Nc limit, the DGR instability does not occur, so that it may be plausible
that the ground state of high-density quark matter is a color superconductor even when Nc is large.
This revives the hope that a large Nc approximation might be useful for getting some insights into
the high-density phenomenology of QCD.
INTRODUCTION
The behavior of quark matter at high densities has
long been a subject of intense interest. As a purely the-
oretical matter, the question of how the system behaves
at high densities is of interest as it gives insight into the
structure of the theory. Phenomenologically, the high-
density physics of QCD is important for the physics of
neutron stars. Unfortunately, there are no systematic
and reliable tools to study the properties of QCD matter
at phenomenologically relevant densities, when the quark
chemical potential µ is of order the strong scale ΛQCD. In
contrast, at asymptotically large densities (µ ΛQCD),
resummed perturbation theory becomes a reliable tool for
describing instabilities. It is well known that at asymp-
totically high densities, an instability develops toward
the breaking of SU(3) color symmetry with the forma-
tion of a 〈qq〉 condensate. At least in the SU(3) flavor
limit, QCD is thus widely believed to be in a color-flavor
locked (CFL) phase [1].
There is a hope that color superconductivity may per-
sist to phenomenologically realistic densities. Unfortu-
nately, there are no known model-independent ways to
study the behavior of QCD matter away from the asymp-
totically high-density domain. In the region of phe-
nomenological interest, there is no obvious separation of
scales on which to build systematic effective field theo-
ries, and the relatively strong coupling prevents the use
of perturbative techniques. Lattice QCD cannot cur-
rently be used to study cold finite density systems due
to the fermion sign problem, which makes Monte Carlo
approaches impractical. Thus, typically one is forced to
use models with varying degrees of connection to QCD
to explore the behavior of quark matter at realistic den-
sities. Given this state of affairs, any approach with a
systematic connection to QCD that gives even qualitative
insights into moderate density physics would be valuable.
One hope is that large Nc QCD and the 1/Nc expansion
could be such an approach.
At zero density, the ‘t Hooft large Nc limit [2, 3] can of-
ten provide very useful qualitative insights on some non-
perturbative questions; occasionally semi-quantitative
predictions can be made (e.g., predictions on the size
of nucleon mass splittings [4, 5]). For this to work, the
large Nc world needs to be close to the Nc = 3 world
for the observables of interest. However, the ‘t Hooft
large Nc world appears to be very different from the
Nc = 3 world at finite density. In particular, as noted
above, at asymptotically high densities Nc = 3 QCD has
a color-superconducting (‘BCS’) instability [6], and is ex-
pected to form a color superconductor with a non-trivial
〈qq〉 condensate. In contrast, at large Nc, at high den-
sity ( 1  µ/ΛQCD ∼ N0c ) there is another instability,
first noted by Deryagin, Grigoriev, and Rubakov (DGR),
toward the formation of a chiral density wave, i.e., a
〈q¯(x)q(y)〉 condensate [7, 8, 9]. The DGR condensate
dominates over the BCS instability. Ultimately, the rea-
son for this is that the DGR condensate is a global color
singlet (although it breaks gauge invariance), in contrast
to the 〈qq〉 BCS condensate. So at large Nc, high den-
sity QCD cannot be in a color superconducting phase; it
is either in a ‘chiral density wave’ phase or in some as
yet undiscovered phase. Thus it might appear that there
is little hope that large Nc analyses could have anything
useful to say about finite density physics in Nc = 3 QCD.
However, such a conclusion is premature as it relies
on the ‘t Hooft large Nc limit. The large Nc world
is not unique: there is more than one way to extrap-
olate from the Nc = 3 world to large Nc. Differ-
ent extrapolations yield qualitatively different large Nc
worlds [10, 11, 12, 13]. The non-uniqueness of the large
Nc limit rests on the following simple observation. At
Nc = 3, the fundamental (F) representation of SU(3)color
is isomorphic to the two-index antisymmetric (AS) rep-
resentation, via the mapping qi → 12ijkqij , where qi is a
fundamental quark (F quark) and qij is a two-index anti-
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2symmetric representation quark. Thus, when we take the
large Nc limit, we can take the quarks to be in the F rep-
resentation; this gives the usual ‘t Hooft large Nc limit,
which we will refer to as the large NFc limit. Alterna-
tively, we can take the quarks to be in the AS represen-
tation, and obtain a quite different large Nc limit, which
we will refer to as the large NASc limit. (The phrase ‘large
Nc limit’ will be used below when referring to large Nc
limits in general.)
In this paper we explore the question of whether large
Nc QCD(AS) can be in a color superconducting phase
at high density, as one expects for Nc = 3. We focus on
the high-density regime since this allows us to do con-
trolled calculations. While our ultimate interest is in
more moderate densities, if the high-density physics at
large Nc is qualitatively similar to the behavior of the
theory at Nc = 3, one might hope that this persists to
lower densities. To keep the discussion concrete we will
focus on SU(Nc) gauge theories withNf = 2 massless fla-
vors of Dirac fermions and compare the behavior of the
case of quarks transforming either in the F representa-
tion [referred to as QCD(F)], or in the AS representation
[referred to as QCD(AS)], with both flavors transforming
in the same representation of the gauge group. One can
also consider hybrid large Nc limits with some flavors of
quarks transforming in the F representation and others in
the AS representation [11, 12, 13, 14, 15, 17, 18, 19, 24].
We leave the exploration of the finite-density physics of
such hybrid large Nc limits to future work.
The large NFc and N
AS
c limits are similar in a num-
ber of ways: for instance, non-planar diagrams are sup-
pressed in both, and both contain an infinite number
of narrow mesons at large N [11, 12, 13]. Further-
more, baryons appear as topologically non-trivial con-
figurations of meson fields in both large Nc limits (at
least for odd Nc, the phenomenologically relevant case),
and baryon masses scale as N1c and N
2
c respectively in
the large NFc and N
AS
c limits [20, 21, 22]. The major
difference between the two large Nc limits is that quark
loops are suppressed in the ‘t Hooft large Nc limit, and
are not suppressed in the large NASc limit. Thus, the dy-
namics and Nc scaling of observables are generally quite
different in the two large Nc limits.
The lack of quark loop suppression in the large NASc
limit is both a virtue and a vice: Zweig’s rule is behind
many of the ‘t Hooft limit’s phenomenological successes,
but also behind some of its failures, such as with the
η′ mass. Which of the two large Nc limits is more useful
phenomenologically presumably depends on what observ-
ables one wishes to study [11, 12, 13, 14, 15, 17, 18, 19,
22, 23, 24].
The large NASc limit has a number of very attrac-
tive theoretical properties, chief among them being the
fact that QCD(AS) in the large Nc limit plays a star-
ring role in the orientifold planar equivalence[11, 12, 13].
This equivalence, which holds in the large Nc limit, is
for the correlation functions of a broad class of charge-
conjugation even operators in QCD(AS). The equiva-
lence implies that at large Nc these these observables
in QCD(AS) with Nf flavors exactly coincide with the
corresponding observables in SU(Nc) Yang Mills theory
with Nf adjoint Majorana flavors. Aside from its in-
trinsic interest, this observation can be used as a very
useful computational tool when Nf = 1, since YM
with Nf = 1 Majorana quarks is nothing other than
N = 1 super-Yang-Mills theory. As a result, the ori-
entifold equivalence has the surprising consequence that
one can bring to bear all of the powerful machinery
of supersymmetry to calculate some of the properties
of the non-supersymmetric Nf = 1 QCD(AS) theory
[11, 12, 13, 15, 18]. Unfortunately, we do not know of a
way to use the equivalence to study finite-density physics
in QCD(AS), even at Nf = 1, since the quark number
current is not within the class of observables to which the
equivalence applies.
Here, we examine the high-density behavior of large
NASc QCD in the chiral limit with a focus on the fate
of the BCS and DGR instabilities, as compared to their
behavior in the standard ‘t Hooft large Nc limit. As will
be discussed below, the scale of the onset of the BCS in-
stability in a renormalization group flow is exponentially
Nc-suppressed in both largeNc limits. This can be traced
back to the fact that the BCS condensate is not a color
singlet. This fact implies that if other instabilities exist
which are not as suppressed at large Nc, the BCS phase
will not occur at large Nc—at least not in the asymp-
totically high-density regime; the phase induced by the
earlier instability will prove energetically favorable. This
is precisely what happens for the case of the QCD in the
large NFc limit, where the DGR instability dominates.
However, in contrast to QCD in the large NFc limit, we
show that the DGR instability does not occur in the large
NASc limit. This raises the prospect that QCS(AS) may,
indeed, have a BCS phase at large Nc and high density.
Of course, if there are other instabilities toward the for-
mation of color-singlet condensates that occur at large
Nc in QCD(AS), they will dominate over the BCS insta-
bility. If such instabilities are absent, however, one might
be led to hope that the color-superconducting phase may
survive to large Nc in QCD(AS). Thus perhaps large Nc
reasoning could shed some light on finite-density phe-
nomenology after all.
We note that the study of finite-density physics in the
large NASc limit of QCD was pioneered in Ref. [24]. How-
ever, Ref. [24] did not fully take into account the effect
of quark loops and screening. The different behavior of
quark loops is at the heart of the differences between the
two large Nc limits, and changes the analysis in funda-
mental ways, as will be clear below.
3COLOR SUPERCONDUCTIVITY IN QCD(AS)
At high densities, one expects quark matter to be-
come weakly interacting, and a Fermi liquid descrip-
tion should become accurate. Color superconductivity
is a consequence of the fact that at high densities, when
µ ΛQCD, the quark Fermi surface is unstable due to an
attractive channel in (for instance) s-wave quark-quark
scattering near the Fermi surface. The scale of the su-
perconducting gap ∆ can be approximated as the scale
at which the Fermi liquid description breaks down, and
it turns out that ∆ ∼ µg−5e−K/g, where K is a numer-
ical constant that generally depends on Nc, and g is the
Yang-Mills coupling evaluated at the scale µ. The fact
that the QCD gap scales with 1/g rather 1/g2 (as is the
case in conventional BCS superconductivity) is due to an
infrared (IR) enhancement of the quark-quark scattering
amplitudes due to long-range interactions mediated by
magnetic gluons [6].
It is straightforward to show that the preceding discus-
sion applies equally well to QCD(F) and QCD(AS), with
the only difference between the two theories being in the
constant K. To see this, we briefly review the classic
calculation of the color superconducting gap from renor-
malization group (RG) arguments as given, for instance,
in Ref. [6], and highlight the differences between the two
large Nc limits as we do so.
The basic idea of the RG approach to estimating the
size of the gap is to look at the RG evolution of the
quark-quark (qq) scattering amplitude as one integrates
out degrees of freedom in successive shells around the
Fermi surface [25]. An attractive interaction (provided it
is relevant or marginal) generically leads to an infrared
Landau pole as one follows the RG flow toward the Fermi
surface. The Landau pole signals the breakdown of Fermi
liquid theory and an instability of the Fermi surface to-
ward the formation of a condensate, which is schemati-
cally 〈qq〉 ∼ ∆3 in the case of superconductivity. More
attractive interactions typically lead to Landau poles oc-
curring at lower energies. The scale of the gap associated
with the formation of the condensate is then approxi-
mately given by the energy scale of the first Landau pole
that occurs.
The first step in this procedure is the identification
of the most attractive qq interaction. At high densities,
where one is justified in only considering interactions me-
diated by one-gluon exchange, qq interactions split into
color channels, some of which are attractive and some
repulsive. The available color channels are different in
QCD(F) and QCD(AS) [24]. For QCD(F), the available
color channels are given by
⊗ = ⊕ , (1)
while for QCD(AS), the color channels are given by
⊗ = ⊕ ⊕ . (2)
Each channel is associated with a color factor which de-
termines the sign and magnitude of the interactions. The
totally antisymmetric channels are expected to be the
most attractive ones in both cases, so that the relevant
color factors are given by
CF =
NC + 1
2NC
, CAS =
2NC + 2
NC
. (3)
For Nc = 3, the CF color factor is the one associated
with the familiar 3¯ channel, while the CAS color factor
is associated with a channel that is only available when
Nc > 3. Since we are interested in the large Nc physics
of QCD(AS), we will use CAS as the color factor in the
analysis below, since it is associated with the most at-
tractive channel at large Nc. More generally, we denote
the color factor associated the most attractive channel in
a large Nc limit as CR where R is the representation of
the fermions.
As is well known, the interaction that leads to the
BCS instability is nearly-collinear s-wave qq scattering.
This is because collinear scattering can be shown to be a
marginal interaction, in contrast to non-collinear scatter-
ing, which turns out to be technically irrelevant near the
Fermi surface [25]. We focus on s-wave scattering because
it tends to be the most attractive channel, as well as for
simplicity, although p-wave and d-wave superconductors
are, in principle, also possible.
In QCD, the s-wave partial-wave amplitudes would
be IR divergent were it not for screening effects. The
color-electric field is screened by the Debye mass m2D =
NfC(R)/pi2g2µ2 as can be seen by resumming quark
bubble diagrams in the gluon propagator. C(R) is the
Casimir coefficient of the fermion representation R de-
fined as δabC(R) = tr taRt
b
R where the t
a
R are the SU(Nc)
generators in the representation R. It is not hard to show
that C(F) = 1/2, C(AS) = (Nc − 2)/2, so that the value
of the Debye mass is representation-dependent. The re-
sulting differences in the Nc scaling of mD can be traced
back to the different Nc scaling of quark loops in the two
large Nc limits.
In contrast to the color-electric field, however, the
color-magnetic field is not statically screened in pertur-
bation theory: there is no perturbatively-generated mag-
netic Debye mass [6]. Instead, the magnetic field is
screened dynamically due to Landau damping: the prop-
agator for color-magnetic gluons is given by
G(q0, ~q) =
1
q20 − ~q2 + pi2m2Dq0/|q|
(4)
4The dynamic damping disappears for q0 = 0, but is non-
zero otherwise.
An accurate estimate of the gap requires the inclusion
of the effects of Landau damping: color superconductiv-
ity is due to the effects of the long-range interactions me-
diated by the magnetic gluons [6, 7]. However, a minor
subtlety arises when one considers the large NFc limit.
In this limit, fermion loops are suppressed, and conse-
quently the Debye mass is suppressed by 1/Nc. Intro-
ducing the ‘t Hooft coupling λ ≡ g2Nc, which is held
fixed in the large Nc limit, the Debye mass is given by
mFD ∼ gµ = λ1/2µ/N1/2c . Although mFD = 0 in the strict
Nc → ∞ limit, one cannot simply set mFD = 0 at the
outset. Doing so would lead to unscreened quark-quark
scattering amplitudes, which would be IR-divergent in
both the color-electric and color-magnetic channels, and
the theory would be ill-defined. Thus, mFD can only
be taken to zero (its large Nc value) at the end of a
problem. In the large NASc limit, in contrast, fermion
loops are not suppressed relative to gluon loops, and
mASD ∼ gN1/2c µ = λ1/2µ, so that the Debye mass is not
suppressed at large Nc.
Given this subtlety, we keep mD 6= 0 in our analysis
of the RG behavior of the qq interaction for both large
Nc limits. It turns out, however, that the size of mD
does not qualitatively change the dominant scaling of the
color-superconducting gap. The crux of the analysis is
that nearly collinear qq pairs generally scatter through
intermediate states of energy δ  F . The RG approach
consists of integrating out degrees of freedom (i.e., inter-
mediate states) that have energies outside narrow shells
around the Fermi surface F ± δ. One then lets δ ap-
proach F while keeping track of the degrees of freedom
which have been integrated out on the scattering am-
plitude . This procedure yields a first-order differential
equation (the RG equation) for the scattering amplitude
as a function of δ. As shown in Ref. [6], the RG equation
for the s-wave scattering amplitude fs is
dfs
dt
= − µ
2
2pi2
f2s −
CR
2
g2
µ2
(5)
where t = − log(δ/mD) is the RG parameter. The first
term in the equation above is due to the ‘instaneous’ in-
teractions mediated by gluons that have momenta that
are large enough for Landau damping to be negligible,
while the second term comes from interactions mediated
by softer gluons that are sensitive to the Landau damp-
ing. It is conventional to start the RG flow at δ = mD
so that the the initial condition on fs(t) at t = 0 is given
by
fs(0) = −CR g
2
µ2
log(1/g), (6)
which comes from evaluating the s-wave scattering am-
plitude for nearly collinear gluons in the leading log ap-
proximation.
The solution of the RG equation for small g is now
given by
fs(t) ≈ −
√
CR
3
pig
µ2
tan
[√
CR
3
g
2pi
(
t− 6 ln g
)]
. (7)
The amplitude hits a pole when the argument of the tan-
gent is pi/2, which lets us estimate the superconducting
gap as
∆BCS ∼ mDe−t ∼ µ
√
C(R)g−5 exp
(
−
√
3
CR
pi2
g
)
. (8)
Thus we learn that the superconducting gaps in the two
large Nc limits can be estimated as
∆Fund.BCS ∼ µ
N
5/2
c
λ5/2
exp
(
− pi2
√
6Nc
λ
)
∆ASBCS ∼ µ
N3c
λ5/2
exp
(
− pi2
√
3Nc
2λ
)
. (9)
The gap, and thus the formation of the condensate,
is suppressed exponentially in Nc in both large Nc lim-
its (our result for the large Nc limit coincides with that
of Son and Shuster [8]). This is expected from general
considerations, since the 〈qq〉 condensate is not a color
singlet. Note, however, that while the gap is exponen-
tially suppressed in Nc in both large Nc limits, the gap
is actually exponentially larger in the large NASc limit.
The exponential suppression in Nc of the color-
superconducting gap implies that if there are any other
condensates possible that are not exponentially sup-
pressed in the large Nc limit, the color-superconducting
instability will not occur via the mechanism sketched
above. The key point is that the phase associated with
the non-suppressed condensate will be exponentially fa-
vorable energetically compared to the color supercon-
ducting phase.
In the large NFc limit, it is known that a DGR in-
stability of the Fermi surface due to the formation of
a color-singlet quark-antiquark condensate occurs [7, 8].
This means that in the large NFc limit, the preceding ar-
gument for color superconductivity does not apply, and
the ground state of quark matter is not expected to be
a color superconductor. It is either a chiral-density wave
or some lower-energy configuration. As we will see in the
next section, however, the DGR instability does not oc-
cur in the large NASc limit, and it is not known whether
any color singlet condensates can actually form.
DGR INSTABILITY
One of the alternatives to the 〈qq〉 condensate associ-
ated with color superconductivity is a 〈q¯q〉 condensate
first identified by DGR [7]. This condensate, which is
5P + q
P ï q
q
FIG. 1: The dominant contribution to the q¯q scattering am-
plitude for µ ΛQCD is from ladder diagrams, and a typical
diagram is pictured above. The momentum flow through one
of the rungs of the ladder is shown; as is discussed in the text
in a particular kinematic regime the amplitude looks like that
of a 2D theory.
associated with the formation of chiral-density waves, is
a position-dependent color singlet
〈 ¯ψ(x)ψ(y)〉 = ei ~P ·(x+y)
∫
d4qe−iq(x−y)f(q), (10)
where ~P is a vector satisfying |~P | = µ. If the Fermi sur-
face has an instability with respect to the formation of
this, condensate quark matter would presumably be in a
chiral-density wave phase, unless there exists an energet-
ically cheaper phase. At large Nc, if this condensate can
form, it would beat the 〈qq〉 condensate associated with
color superconductivity, since the 〈q¯q〉 condensate is not
exponentially suppressed by 1/Nc. It is known that this
is exactly what prevents color superconductivity in the
large NFc limit: the DGR instability of the Fermi surface
occurs at large Nc when the quarks transform in the fun-
damental representation of SU(Nc). In this section, we
will review the conditions necessary for the occurrence of
the DGR instability using an RG approach first devel-
oped by Son and Shuster, and show that the instability
does not occur in the large NASc limit. The key role will
be played by the different Nc scaling of the Debye mass
mD in the two large Nc limits and the effects of the Debye
mass on the RG flow.
Paralleling the arguments in the preceding section, we
first identify the most attractive channel for the q¯q in-
teraction. This step is trivial in this case, since a color-
singlet channel is available for q¯⊗ q in both QCD(F) and
QCD(AS), and this will clearly be the most attractive
channel at large Nc. Next, we determine an RG equation
for the q¯q scattering near the Fermi surface at high den-
sity, where asymptotic freedom implies that one-gluon
exchange makes the dominant contribution to the inter-
actions. Finally, we estimate the scale of the breakdown
of the Fermi liquid description due to a Landau pole, and
thus estimate the scale of the DGR gap ∆DGR.
Recalling that we are working at high densities where
λ(µ)  1, it is not hard to see that the dominant con-
tribution to the q¯q scattering amplitude will come from
ladder diagrams of the sort shown in Fig. 1. Each rung
in the ladder diagram makes a contribution to the scat-
tering amplitude that can be schematically (neglecting
Lorentz, spin, and flavor indices) written as∫
d4q
(2pi)4
F (~P + ~q)G(q)F (~P − ~q), (11)
where F and G refer to the fermion and gluon propa-
gators, respectively. To understand the RG flow of the
q¯q, it is easiest to proceed as done by Son and Shus-
ter in their seminal paper. The key observations is that
that near the Fermi surface, in a certain kinematical re-
gion (which makes the dominant contribution to the RG
flow), the integral above simplifies and becomes effec-
tively two-dimensional, and the q¯q scattering amplitude
associated with the ladder diagrams is then describable
by a two-dimensional theory. Since it turns out that the
dominant part of the RG flow takes place precisely in this
kinematic region, one can determine the RG behavior of
the q¯q scattering amplitude by studying the RG behavior
of the 2D effective theory.
To see how this works, note that near the Fermi sur-
face, it is useful to write ~q as a sum of two vectors, one
parallel to ~P , with magnitude q||, and one perpendicular
to ~P , with magnitude q⊥. We assume that q||, q⊥  µ
since we are interested in the kinematics near the Fermi
surface. We suppose that for all the internal fermion
lines in the ladder diagram, q⊥ ∼ δ, where δ is an arbi-
trary momentum scale. (When the system has a DGR
instability, it turns out that δ ∼ ∆DGR).
Let us now determine the kinematic regime in which
the ladder diagrams are describable in terms of a two-
dimensional theory, which will have q0 and q|| as its de-
grees of freedom. In terms of q|| and q⊥, the fermion
propagator looks like
F−1(q) ∼ iq0 + |~P + ~q| − µ ≈ iq0 + q|| + q
2
⊥
2µ
. (12)
If q||  q2⊥/µ ∼ δ2/µ, the fermion propagators do not
depend on q⊥. In this regime, the only dependence on
q⊥ is in the gluon propagator, which looks like
GE(q)−1 ∼ q20 + q2|| + q2⊥ +m2D (13)
GM (q)−1 ∼ q20 + q2|| + q2⊥ +
pi
2
m2Dq0/|q|
for electric and magnetic gluons. When q|| ∼ q0  δ, the
integral over q⊥ simplifies to a logarithmic one, which is
cut off in the UV by ∆ and in the IR by the largest of
q||, and mD for electric gluons, and the largest of q|| and
m
2/3
D q
1/3
|| for magnetic gluons. Thus when δ
2/µ q|| 
δ, the entire effect of the integration over q⊥ in each rung
6of the ladder diagrams can be encoded by factors of
Electric gluons : λ0(q||) ≡ g
2
4pi
ln
(
δ
max(q||,mD)
)
(14)
Magnetic gluons : λ1(q||) ≡ g
2
4pi
ln
 δ
max(q||,m
2/3
D q
1/3
|| )

Thus we see that when δ  q||  δ2/µ, the ladder di-
agrams can be described by an effective two-dimensional
theory of fermions where the effects of the gluons are
encoded in scale-dependent couplings for electric and
magnetic interactions which are given by the factors in
Eq. (14). When q|| falls outside this range, the RG flow
is negligible, as is explained in Ref. [8]. Thus, for the
DGR instability to occur, there must be an IR Landau
pole within the range δ  q||  δ2/µ. To proceed with
the analysis, let us write the lagrangian describing the
2D effective theory, which can be written in terms as
a doublet of 2D Dirac fermions associated with parti-
cles with momenta near ~P and −~P (the antiparticles are
heavy and decouple from the effective field theory). A
4D Dirac fermion can be written (in the chiral basis) as
ψT = (ψL1, ψL2, ψR1, ψR2). The 2D Dirac fermions can
be written as
ϕ =
(
e−iµzψL2
eiµzψR2
)
, χ =
(
e−iµzψR1
eiµzψL1
)
, (15)
where we have assumed for definiteness that ~P is pointing
in the z direction. In terms of the doublet ΨT = (ϕ, χ),
the 2D effective theory is described by the Lagrangian
L = Ψ¯/∂Ψ−λ0(q||)
(
Ψ¯γ0
T a
2
Ψ
)2
+λ1(q||)
(
Ψ¯γ1
T a
2
Ψ
)2
.
(16)
The 2D effective theory is a Thirring-like model with
different couplings for electric and magnetic interactions.
The RG equations for λ0, λ1 can be found from looking
at one-loop diagrams for the 2D fermions in the usual
way, and one can show that the RG equations for λ+ ≡
(λ0 + λ1)/2 and λ− ≡ (λ0 − λ1)/2 decouple:
∂λ+(s, u)
∂s
=
Nc
pi
λ2+(s, s) ; (17)
∂λ−(s, u)
∂s
= 0 ,
where s is the RG parameter, and u ≡ ln(δ/q||). The
initial conditions for the RG equations will have to be
given in piecewise form depending on the relative size of
q|| and mD. For the initial conditions, we have
q|| < mD : λ+(0, u) =
g2
4pi
(
5
6
ln
(
δ
q||
)
+
1
6
u
)
;
q|| > mD : λ+(0, u) =
g2
4pi
u . (18)
It can be shown that the solution of Eq. 17 with the above
boundary conditions is
λ+(s, u) =
g2Nc
4pi2
tan
(
g2Nc
4pi2
s
)
+
g2
4pi
(u− s) (19)
for s < ln (δ/mD), and
λ+(s, u) =
g2Nc
4pi2
√
6
tan
(
g2Nc
4pi2
√
6
(s+ c)
)
+
g2
4pi
(u− s)
(20)
for s > ln (δ/mD), where the constant c is determined by
demanding continuity at s = ln (δ/mD), yielding
c =
g2Nc
√
6
4pi2
arctan
(√
6 tan
(
g2Nc
4pi2
ln (δ/mD)
))
.
(21)
Suppose first that mD < δ. Then λ+ as given by
Eq. (19) is the relevant solution, and λ+ hits a Landau
pole when the argument of the tangent reaches −pi/2, so
that we can estimate the size of the DGR gap as
∆DGR ∼ δe−
2pi3
g2Nc . (22)
Since the RG evolution only takes place when δ2/µ q||,
we must have ∆DGR & δ2/µ if the Landau pole is to be
reached during the RG evolution. When this relation is
saturated, δ ∼ µ exp(− 2pi3g2Nc ). At this point ∆DGR ∼
δ2/µ, so we obtain the estimate
∆DGR ∼ µe−
4pi3
g2Nc , mD < ∆DGR. (23)
Note that the size of the DGR gap depends on the ‘t
Hooft coupling λ = g2Nc rather than just on g (as was
the case for the color superconducting gap), so that the
DGR gap is much larger than the color superconduct-
ing gap at large Nc, provided that mD < ∆DGR. Since
mD ∼ O(N−1/2c ) in the large NFc limit, we see that the
DGR instability beats the BCS instability in this limit.
Accordingly the ground state of high-density quark mat-
ter looks very different in the large NFc world compared
to the Nc = 3 world.
The situation is profoundly different in the large NASc
limit, since mASD ∼ µgN1/2c ∼ µλ1/2: quark loops are not
suppressed and the gluons are screened by the quarks.
Accordingly it is not consistent to have mD < δ. To
proceed we must consider what happens when mD >
δ. The coupling then runs as in Eq. (20), and mD now
does affect the RG flow. Indeed, mD is large enough to
essentially cut off the RG flow before a Landau pole is
reached, thereby preventing the DGR instability.
To see how this happens, note that the coupling in
Eq. (20) hits a Landau pole at the energy scale EL when
the argument in the tangent hits pi/2, so that
ln
(
EL
δ
)
∼ g
2Nc
√
6
4pi2
tan−1
(
1√
6
cot
(
g2Nc
4pi2
ln
δ
mD
))
+ ln
δ
mD
. (24)
7We must again impose the condition that δ2/2µ . EL,
since outside this region there is no RG flow and any Lan-
dau poles outside this region would be unphysical. Some
algebra then shows that this condition on EL implies that
we must have mD < mcriticalD , where
mcriticalD . µ exp
(
−4pi
2c0
g2Nc
)
, with (25)
c0 =
√
6 tan−1
1
2
+ 2 tan−1
√
2
3
(26)
if the condition δ2/2µ . EL is to be met. Since mASD ∼
µgN
1/2
c > mcriticalD , the DGR instability does not occur
in the large NASc limit.
DISCUSSION
As we have seen, the large NFc and large N
AS
c worlds
appear to be quite different at finite density. Before dis-
cussing these differences in detail, it is useful to briefly
discuss a fundamental imitation of the type of analysis
done here. Note that the ultimate question under consid-
eration is the lowest energy state of bulk matter at finite
density. Thus we are looking for a global minimum.
However, the techniques we used are local. One starts
with a Fermi liquid type description, assumed to be rea-
sonable at high densities where the quarks are weakly
coupled, and looks for local instabilities toward the for-
mation of various types of condensates. If such instability
can be shown to exist in a regime where one can calculate
reliably, one knows that the ground state is not a Fermi
liquid. One does not necessarily know the actual ground
state.
There are two potential difficulties here. Firstly we
can only get insight into states which are in some sense
“close” to a Fermi liquid. One can only do reliable calcu-
lations to show local instabilities to the extent that the
relevant dynamics involve modes very near the would-
be Fermi surface. However, if a global minimum which is
not associated with a local instability were to exist, these
methods would not be sensitive to it. The second diffi-
culty is simply that the number of possible condensates
is quite large once one includes color, flavor, Dirac and
spatial degrees of freedom. Thus, even if one has found
an instability leading to the formation of a condensate,
one cannot be certain it is the lowest energy phase unless
one has explicitly checked that all other possible conden-
sates either do not form, or are associated with phases of
higher energy.
This issue is quite generic and does not depend on
the large Nc limit. Thus, it is fair to say that in some
deep epistemological sense we do not really know that the
ground state of QCD with Nc = 3 is a color supercon-
ductor even at asymptotically high densities. However, in
this case there are very good reasons to believe that the
ground state really is a color superconductor. This sys-
tem has been extensively studied for a long time and no
plausible alternative ground state has been found. More-
over, during this study considerable intuition has built up
about the system and it seems implausible that a lower
ground state exists. The situation is different for QCD
in either of the large Nc limits considered here. These
systems have not been extensively studied, so intuition
about these systems is lacking. Moreover, the large Nc
limit at finite density can be quite subtle and act in sur-
prising ways [26, 27].
What do we know about these systems? For the case of
QCD in the large NFc limit at high density, we know there
is a DGR instability as well as a BCS type instability.
The existence of these instabilities means that we know
that the ground state is not a Fermi liquid. Furthermore,
since the DGR instability is exponentially stronger than
the color superconducting one, we also know that the
standard color superconducting state is not the ground
state. We do not know with certainty that the ground
state of the system is a chiral-density wave phase, but
it is the best candidate known for the ground state. It
is not implausible that the actual ground state is indeed
the DGR phase in the large NFc limit.
The case of QCD in the high-density large NASc world
is quite different. In this world the DGR instability is
absent, and thus we know that a simple DGR chiral-
density wave is not the ground state. The difference be-
tween the behavior in the two large Nc limits can be
traced back to the lack of suppression of quark loops
in QCD(AS) at large Nc. This means that gluons are
screened with different strengths in the two large Nc lim-
its: screening is suppressed with Nc in QCD(F), but is
unsuppressed in QCD(AS). This difference turns out not
to qualitatively affect the estimate of the scale of the
color-superconducting gap, but has a dramatic effect on
whether the DGR instability occurs.
What, then, is the ground state of high-density quark
matter in the large NASc limit? Our present state of
knowledge is consistent with it being a color supercon-
ductor. Given the caveats above, we cannot say with
certainty that it is actually so. It may seem that this
caution is a mere quasi-philosophical quibble, as with the
case of color superconductivity at Nc = 3. However, this
is not the case. QCD in the large NASc limit is rather dif-
ferent from the Nc = 3 case in one critical way: the gap
is exponentially suppressed in Nc. Thus, the existence
of any instability towards the formation of a condensate
which is color singlet — and thus not exponentially sup-
pressed in Nc — is expected to lead to a phase which is
energetically favorable compared to the color supercon-
ducting phase. The reason is simply that the associated
gaps would presumably scale with the ‘t Hooft coupling
λ rather than with the Yang-Mills coupling g.
In this work, we investigated one such possible color-
singlet condensate (the DGR condensate), and found
8that the effects of screening in large NASc QCD prevent
it from forming. One might, of course, wonder whether
there are any other instabilities of Fermi surface toward
the formation of other color singlet condensates. For in-
stance, one might worry about a ferromagnetic conden-
sate with the schematic form 〈q¯γµγ5q〉 [28, 29, 30]. How-
ever, this condensate does not form in the chiral limit
where mq = 0 [29], so it would not compete with the
color superconducting condensate in the large NASc limit
with massless quarks. An investigation of other possible
condensates in QCD(AS) at large Nc is an interesting
subject for future work.
However, it is certainly possible that no instability to-
wards a color singlet condensate exists. If this is true,
then the large NASc world is qualitatively close to the
Nc = 3 world as far as high-density physics is concerned,
at least in the sense that the the ground state might be
a color superconductor.
In the optimistic scenario where one would suppose
that the ground state of high-density QCD in large NASc
limit is indeed a color superconductor, it is not immedi-
ately clear whether the resulting large NASc world is close
enough to the Nc = 3 world to make large NASc inves-
tigations phenomenologically useful. There are reasons
for caution. At low densities (µ  ΛQCD) the large Nc
world looks quite different from the Nc = 3 one: in the
large NASc limit (just as in the large N
F
c limit), baryons
are thought to form Skyrme crystals [31, 32], which does
match the known phenomenology for Nc = 3. However,
it is not known what the large NASc world looks like at
higher densities, and if it indeed looks qualitatively sim-
ilar to the Nc = 3 world at asymptotically high densi-
ties, it is certainly worth investigating whether the large
NASc limit of QCD might be useful when the chemical
potential is in the phenomenologically interesting range
µ/ΛQCD = O(1).
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